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Abstract

The intersection of two base rings associated to some transversal polymatroids is not necessary the base
ring associated to a transversal polymatroid. In this paper, we compute the Hilbert series and the
Hilbert function when the intersection of such base ring is the base ring associated to a transversal
polymatroid.
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Introduction

The discrete polymatroids and their base rings are studied recently in many papers (see [3], [4],
[5], 161, [7], [8], [10], [11]). It is important to give conditions when the base ring associated to a
transversal polymatroid is Gorenstein (see [3]). In [5] we introduced a class of such base rings
and in [6] we note that an intersection of such base rings (introduced in [5]) is Gorenstein and
give necessary and sufficient conditions for the intersections of two base rings from [5] to be
still a base ring of a transversal polymatroid. In this paper we compute the Hilbert function of
the intersections of two base rings from [5] which is still a base ring of a transversal
polymatroid.

Preliminaries

We use the symbols Z, Rto be the integral and real numbers. The subset of nonnegative
elements in R will be referred to by R, . The symbol N stands for the set of positive integers.

By K, S, we denote a field, respectively the symmetric group of n elements.

Let neN, n23, oeS,, o=(,2,...,n) the cycle of length n, [n]={1,2,...,n},
o'[i]={c'(1),0'(2),...,0' (i)} forany 1<i<n—1 and {e,},,., be the canonical base of
R".Foravector «eR", a=(a,,a,,...,a,), we will denote | |=a, +...+ ¢, .

For the monomialx” =x"x;*..x;" eK[x,,...,x,] with a=(qa,...,a,)eN" we set

log(x“) =a. Given a set A of monomials, the log set of A, denoted log(4), consists of all
log(x“) with x“ € A4.
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If 0#aeR" we will denote by H, ={xeR"|<x,a >>0}, where <, > is the usual inner
product in R". Recall that a polyhedral cone Q CR"is the intersection of a finite number of

closed subspaces of the form H . If a polyhedral cone Q is written as
QO=H,N.nH,

such that no H ; can be omitted, then we say that this is an irreducible representation of Q .
If A={y,,...,y,}is a finite set of points in R" the cone generated by A4, denoted by R, A4, is
defined as R, A4 Z{Zr: ay.la;, eR, forall 1<i<n}. An important fact is that Q is a

i=1
polyhedral cone in R" if and only if there exists a finite set A R" such that Q = R, 4 (see
[1]).

If A, are some nonempty subsets of [n] for 1<i<m, m>2, A ={A,,...,A} then the set

of the VectorsZe[k with i, € 4, is the base of a polymatroid, called the fransversal
=1
polymatroid presented by ‘A. The base ring of a transversal polymatroid presented by A is the
ring:
K[A]=K]x, ...x, |i; €4;,1<j<m].

We know by [3] that the K — algebra K[A] is normal and hence Cohen-Macaulay. From [5] we
know that the transversal polymatroid presented by

A ={4,| AU,(k) =[n], if k e[i]u{n}andAU,(k) =[n)\c'[i], if k e[n—1]\[i]}
has the base ring associated K[A] a Gorenstein ring for any 1<i<n—1 and 0<¢ < n—1.

We put:

i n
Vo == (n—i— 1); e T+ Zea, “©

k=i+1
forany 1<i<n—1 and 0<¢ <n-1.

The cone generated by the exponent vectors of the monomials defining the base ring K[ A],
A={log(x, ... x; )| j, €4, , ke[n]} cN",
has the irreducible representation:

R.A=N H,

aeN

WhereN:{VG,[i],ng 0<k<n-1}.

[n-1] |

It easy to see that for any 1<i<n—1 and 0<¢ < n-—1

A={aeN"||a|=n,0<a, +..+a,, <i+l},if i +t<n

t+1

and
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i+t—n n
A={aeN"||a|=n,0< Y a + Y a <i+l},if i+1t>n.
s=1 s=t+1

Example.
Let A={ 4, = {123}, 4, = {1,2,3}, 4, = {1,3} , thus i=1and ¢=1.
A=1{(3,0,0,(2,0,1),(2,1,0),(1,1,1),(1,0,2),(1,2,0),(0,2,1),(0,1,2),(0,0,3) }.

R.A=H; NH; NH NH]  where a, = (1,0,0), a, = (0,1,0), a, = (0,0,1), a, = (2,-1,2).

It is clearly that A={aeN’|| a |=3, 0< a, <2}.

Ehrhart Function

a

We consider a fixed set of distinct monomials F ={x“,..,x*} in a polynomial ring

R=K[x,,...,x,] overa field K. Let

P=conv(log(F))
be the convex hull of the set log(F')={«,,...,, }.

The normalized Ehrhart ring of P is the graded algebra:

AP :g(AP )j c R[T]a
where the j” component is given by

(4),= D KxT,

aeZlog(F)njP

where Z(log(F)) the group generated by log(F) and j P={(ja,.,..., ja,) | (a,,...,a,)eP }.

The normalized Ehrhart function of P is defined as

Ey (j)=dimy (4, ),=[Zlog(F) N jP[.
From [9. Proposition 7.2.39. and Corollary 7.2.45] we have the following important result.
Theorem 1. If K[F'] is a standard graded subalgebra of R and # is the Hilbert function of
K[F], then:

a) h(j) < Ep(j)forall j=0, and
b) A(j)=E,(j) forall j=0 ifand only if K[ F ] is normal.

The Computation of Hilbert Function

Let n=3, 1<i,i,<n-2,0<t, <n-1. We consider two transversal polymatroids
presented by:

A ={A | A =[n), if keli)]oing, A, =[n]\[i,], if ke[n—1\[;]}
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and
B ={(B,| B ., =[n). if k e[i,]Uinjand B_,  =[n]\6"[i,], if k €[n~11\[1,]}

such that A, respectively B are the exponent vectors of the monomials defining the base rings
associated to transversal polymatroid presented by A , respectively B . From [5] we know that
the base rings K[ A], respectively K[B] are Gorenstein rings and the cones generated by the
exponent vectors of the monomials defining the base ring associated to the transversal
polymatroids presented by A , respectively B are:

R.A=N H', RB=( H,,

aeN, aeN,
where
Ny={V,o o Vo, [0Sk <n—1},
N, :{Vd,z[i r Vo'k[n—l]l 0<k<n-1},
A={log(x, ... x, )| j, €4, , ke[n]} cN"
and

B={log(x, ... x; )| jy€B;, ke[n]} cN".

It is to see that

A={aeN"||a|=n, 0< a, +..+a, <i+1}

and
B={aeN"||a|=n,0<a,  +.+a, ., <i+1},if i, +1,<n
or
i2+tz—n n
B={aeN"||a|=n,0< Y a + Y a, <i+1},if i, +1, >n.
s=1 s=t,+1

From [6] we know that the K — algebra K[ AN B] is Gorenstein. Next, we present a necessary
and sufficient conditions such that K[ AN B] is the base ring associated to some transversal

polymatroid.

Theorem 2 ([6]). Let n=3, 1<i,i,<n—-2, 0<¢, <n-1. We consider two transversal
polymatroids presented by:

A ={A,| A, =[n], if kel[i,]uin}, A, =[n]\[i], if ke[n-1]\[i]}
and

B ={B,|B ., =[n).if kelb)Uinjand B ,  =[n]\o"[i]. if k [n-1\[5,]}

such that A, respectively B is the exponent vectors of the monomials defining the base rings
associated to transversal polymatroid presented by A , respectively B . Then, the K — algebra
K[ AN B] is the base ring associated to a transversal polymatroid if and only if one of the
following conditions hold:

a) 7, =1.
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b) i,22 and t,=0.

c) i,=22and t,=i,.

d) i,22,1<t, <i,-land i,e{l,...,i,-t,}u{n—t,,..,n-2}

e) ,22,i,+1=t,<n-land i,el{l,..,n—-t,}u{n—t,+i ,..., n—=2}.

Next in this section we will compute the Hilbert function and the Hilbert series for the
K —algebra K[ ANB], where A, respectively B satisfies the hypothesis of Theorem 2.

Proposition 1. The Hilbert function of the K — algebra K[ ANB], where A, respectively B
satisfies the hypothesis of Theorem 2 is:

i)If i, <i, and ¢,=0, then

WDtk (e v —1\(r+i, —i, —1\(nt—r—k+n-1i,—1
ht — 1 2 1 2
® ; ; ( k j( r j( nt—r—=k

for any £2>0.

iIf i,22,1<t, <i,-1,1<i,<i —¢, or i, >i, and t,=0, then

Wt DGk (e v =1\ r+i,—i, -1\ nt—r—k+n—i—1
ht — 2 1 2 1
® kzz(; ,Z:;‘ ( k j( r j( nt—r—k

for any £>0.

u)If i,22,1<¢t, <i,—1,n—t,<i,<n-2 or t,=i and i, +i,>n, then

ho) "’f) [(ili) (m‘—s—rJril+i2—n—l)(s+n—il—ll(lurn—iz—l]
)=
s=t(n—i,—1) r=t(n—i,~1) nt—s—r S r

for any £2>0.

nIf i >22,i,+1<t, <n-1,1<i,<n-t, or t,=i, and i,+i,<n, then

Qe ki -1\ r+i,-1\(nt—k—-r+n—i —i,—1
o= TS

fe=0 =0 r nt_k_r
for any £>0.

Wif 422,4+1<¢t, <n-1, n—t,+i, <i,< n-2, then
Q) k(e f —1\(r+i,—i, -1\ nt—k—-r+n—i,—1
h(t): z z 1 2 1 2
= = k r nt—k—r

for any £>0.
vi)If i,=22,t, =1, i,+i,=n, then

t(iy+1) t(iy+1)t k+l _1 7"+i _1
o2 S ()

k=0 r=0 r
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for any £2>0.

Proof. From [3] we know that the K — algebra K[ AN B ] is normal. Therefore, to compute the
Hilbert function of 2, where 2 = con (AN B) it is equivalently to compute Ehrhart function
of P. It is clearly enough to show that 7 is the intersection of the cone R, (A4 B)with the
hyperplane x, +... +x,=n.

Now we will start to study all six cases.

i)If i, <i, and ¢,=0, then

aeR"|a, 20Vk e[n],

al=n, 0o, +...+a. <i +1,
1 i 1

O0<a+..ta +..+ta <i,+1
1 2

whence it follows that

aeR"|a, 20V ke[n],

a| =nt, 0oy +...+a, <@+,

O<o+.+a, +..+a, <@+
Since for any 0<k <t(i,+1) and 0<r<t(i, +1)—k the equations ¢, +...+ ¢, =k has
i, =i =

1
: nonnegative

k+i -1
: nonnegative integer solutions, &, _, +...+ ¢, =r has
k i +1 iy r

nt—r—k+n—i,-1

nonnegative
nt—r—k

integer solutions and ¢, ,, +..+@, =np—k—r has [

integer solutions, we get that

) )~k (4 i -] ki —1
h(t)=E,(1)=|Z AntP|= D Z( h J(P L~ j(n r n—i, J

k=0 r=0 k r I’lt—l"—k

iIf i,22,1<t, <i,-1,1<i,<i —¢, or i, >i, and t,=0, then

aeR"a, 20Vk e[n],

a|:n, O<a +..+a <i+],

0<La

3

+..ta,,, <i,+1

tr+1 b+

whence it follows that

aeR"a,20Vke[n],

al=nt, 0<a, +..+a, <(i,+1),

0<a < (i, +1)t

tP =
+..ta

t,+1 ty+i,

Since for any

0<k<t(i,+1) and 0<r<t(i, +1)—k,

k+i, -1
the equations @, ,, t...+ &, ,;, = k has [ kz nonnegative integer solutions,



The Hilbert Function of the Intersection of Two Base Rings 17

r+i =i, —

1
nonnegative integer solutions and
r

a+.+a, +a, ,; ,t+..+a, =1 has (

nt—r—k+n—i—1 o )
+..t+a, =np-— k—r has nonnegative integer solutions, we get

.
i nt—r—k
that
Mo DOk (e f =1\ r+i,—i, =1\ nt—r—k+n—i -1
h(t)=E,(t)=|Z AntP|= ? b b
(t)=E, (1) | | Z;‘ ,Z;‘( k j( r j( nt—r—k

It is easy to see that for i, > i, and t, =0, we have the same formula for Hilbert function.
i) If §22,1<¢t, <i,-1,n—t,<i,<n-2 or t,=i and i,+i,>n, then

n .
_ aeR"|a, 20V k e[n], a|=n, O<eo+..+a,, ,+a ,+.+a,<i+],
b

0<o+.+a <i+l

whence it follows that
aeR"a,20Vkeln],|a|=nt, 0<a,+..+a,,, _,+a,_, +..+a,<(i+])1,

0<o +..+a, <@+t

Since for any

tn—i,—1)<s<t(@i,+1) and t(n—i,—1) <r<e(i, +1)

s+n—i—1 o )
nonnegative integer solutions,

the equations &; ,; ...+ &, = Shas (
s

r+n—i,—1
a

ty+ipy—n+1

J nonnegative integer solutions and
r

+...+a,2 =7 has (

nt—s—r+i+i,-n—1 .
nonnegative

at..+ta ., ,ta, .. +a =nt—s—r has (
nt—s—r

integer solutions, we get that

h(t)=E, (1) =|Z AntP|=

t(’f) "ilz*‘) nt—s—r+i,+i,—n—1\(s+n—i,—1\(r+n—i, -1
nt—s—r s r '

s=t(n—i;—1) r=t(n—i,~1)

It is easy to see that for ¢, =i, and i, +i, >n we have the same formula for Hilbert function.

If ii22,i+1<t, <n-1,1<i,<n-t, or t,=i, and i,+i,<n, then

a=n 0<qa, +...+a <i+1
> 1 i 1 ’

0<«a

aeR"|a, 20V k e[n],

+..ta,,, <i,+1

ty+1

whence it follows that
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aeR"a, 20Vke[n],

al=nt, 0< o, +..+a, <(i,+1),

0<a <(i,+1) |

+..+a

t,+1 ty+iy

Since for any 0<k<#(j+1) and 0<r<t(i,+1)the equations ¢ +...+, =khas

k+i -1 o . r+i,—1 .
nonnegative integer solutions , Oy T ¥y =T has nonnegative

k

integer solutions and &, ,

7

to.ta, +a +..+a,=np—k—r has

ty+ip+1

[nt—r—k+n—il—i2—

1
nonnegative integer solutions, we get that
nt—r—k

Qe ki =1\ r+i,— 1\ nt—k—r+n—i —i,—1
h(t)=E,(t)=|Z AntP|= : ’ Rt
O=E,(1) | | kzz(‘; ;‘( k j( r nt—k—r
It is easy to see that for 7, =i, and i, +i, < n we have the same formula for Hilbert function.
WIf 22,4+1<¢t, <n-1,n—t,+i <i,<n-2, then

aeR"|a, 20Vke[n],

a|=n, 0<a,+..+a <i+1,
1 i 1

O<a,+..+a, +.+a,, ,+a, ,+.+a,<i,+1

i)+t — t+1

whence it follows that

aeR"a, 20Vk e[n],

0<a,+..+o, +..+ta

P a|:nt, 0<a +..+a, <@+,

+a, , +..+a, <@, +1)

iy+t,—n t,+1

Since forany 0<k <#(, +1) and 0<r<#(i, +1)—k the equations ¢, +...+ ¢, =k has

tota,,,  ta

i +1 iy +ty— ty+1

k+i -1
( kl nonnegative integer solutions, +...+a,=r has

r+i,—i—1 o _
( nonnegative integer solutions and &, ,, ., +...+ &, =np—k—r has
r

(nt—r—k+n—iz—l

nonnegative integer solutions, we get that
nt—r—k

QDK (e —1\(r+i, —i —1\(nt—k—r+n—i,—1
h(t)=E,(t)=|Z AntP|= : 2 S
I U (R (et
vi)If 1,2 2,t, =i, i,+i,=n, then

» aeR"|a,>20Vke[n],

a|:n, 0<e+..+a <ij+],

0<e,

i +1

+..+ta,<i,+1

whence it follows that
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aeR"a,>20Vke[n],

al=nt, 0<a, +..+a, <(i+1),

0<e,

i +1

+.ta, (i, +1)

Since forany 0<k <2(j, +1) and 0<r <it(i, +1) the equations ¢, +...+ ¢, =k has
r+i,—1
k

integer solutions, we get that

t(iy+1) t(i,+1)t ;o o
WO =E, () =ZAnt= 3 3 (k“l lj(rﬂz IJ.

k=0 r=0 k r

J nonnegative
r

k+i—1
1 o .
[ nonnegative integer solutions, «; ,+...+a, =r has

The Computation of Hilbert Series

Since the a- invariant of K[ANB] is a(K[ANB])=-1(see [6]), it follows that to
compute the Hilbert series of K[A M B] it is necesary to know the first » values of the
Hilbert function of K[A N B]. From [6] the Hilbert series of K[A M B] is

1+ ht+...+h "

(1=2)

2

HK[AmB] (t) =

where

j n
n=dim(K[ANB]), h, =) (-1)'h(j - S)U

s=0

and A(s) is the Hilbert function of K[A N B].
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Functia Hilbert a intersectiei a doua inele baza
asociate polimatroizilor transversali

Rezumat

Intersectia a douad inele baza asociate unor polimatroizi transversali nu este in general inel baza asociat
unui polimatroid transversal. In aceasta lucrare, determinam functia Hilbert §i seria Hilbert in cazul in
care intersectia a doud inele baza este un inel baza asociat unui polimatroid transversal.



