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Abstract 

The intersection of two base rings associated to some transversal polymatroids is not necessary the base 
ring associated to a transversal polymatroid.  In this paper,  we compute the Hilbert series and the 
Hilbert function when the intersection of such  base ring is the base ring associated to a transversal 
polymatroid. 

Key words: Base ring, transversal polymatroid, equations of a cone, Hilbert function, Hilbert series 
 
 

Introduction 

The discrete polymatroids and their base rings are studied recently in many papers (see [3], [4], 
[5], [6], [7], [8], [10], [11]). It is important to give conditions when the base ring associated to a 
transversal polymatroid is Gorenstein (see [3]). In [5] we introduced a class of such base rings 
and in [6] we note that an intersection of such base rings (introduced in [5]) is Gorenstein and 
give necessary and sufficient conditions for the intersections of two base rings from [5] to be 
still a base ring of a transversal polymatroid. In this paper we compute the Hilbert function of 
the intersections of two base rings from [5] which is still a base ring of a transversal 
polymatroid. 

Preliminaries 

We use the symbols Z , R to be the integral and real numbers. The subset of nonnegative 
elements in R  will be referred to by +R . The symbol N  stands for the set of positive integers. 
By  K, nS  we denote a field, respectively  the symmetric group of n elements.  

Let    N,∈n ,3≥n  ,nS∈σ  ),...,2,1( n=σ  the cycle of length n, },...,2,1{:][ nn = , 

)}(,...),2(),1({:][ ii tttt σσσσ =  for any 11 −≤≤ ni  and  niie ≤≤1}{  be the canonical base of 
nR . For a vector 

nR∈α , ).,..,,( 21 nαααα = , we will denote nααα ++= ...|:| 1 .  

For the monomial ],...,[... 121
21

n
a
n

aaa xxKxxxx n ∈=  with n
naaa N∈= )...,,( 1  we set  

.)log( ax a =  Given a set A  of monomials, the log set of A, denoted log(A), consists of all 
)log( ax  with .Ax a ∈   
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If na R∈≠0  we will denote by }0,|{ ≥><∈=+ axxH n
a R , where < , > is the usual inner 

product in nR . Recall that a polyhedral cone nQ R⊂ is the intersection of a finite number of 
closed subspaces of the form .+

aH  If a polyhedral cone  Q is written as 

++ ∩∩=
raa HHQ ...

1
 

such that no +
iaH  can be omitted, then we say that this is an irreducible representation of Q . 

If }...,,{ 1 rA γγ= is a finite set of points in nR the cone generated by  A, denoted by A+R , is 

defined as }1|{
1

niallforaaA i

r

i
ii ≤≤∈= +

=
+ ∑ RR γ . An important fact is that Q is a 

polyhedral cone in nR  if and only if there exists a finite set nA R⊂  such that A+= RQ (see 
[1]). 

If  iA  are some nonempty subsets of [n] for ,2,1 ≥≤≤ mmi   A }A .,..,{A m1= then the set 

of the vectors∑
=

m

k
ik

e
1

with kk Ai ∈  is the base of a polymatroid, called the transversal 

polymatroid presented by A. The  base ring of a transversal polymatroid presented by A is the 
ring: 

K[A] ].1,|...[:
1

mjAixxK jjii m
≤≤∈=  

We know by [3] that the K – algebra K[A]  is normal and hence Cohen-Macaulay. From [5] we 
know that the transversal polymatroid presented by 

A }][\]1[],[\][}{][],[|{ )()( inkifinAandnikifnAA t
kkk tt −∈=∪∈== σ

σσ
 

has the base ring associated K[A] a Gorenstein ring for any 11 −≤≤ ni and .10 −≤≤ nt  

We put: 

 
 
 

for any 11 −≤≤ ni and .10 −≤≤ nt  

The cone generated by the exponent vectors of the monomials defining  the base ring K[A], 

,]}[,|)...{log(:
1

n
kkjj nkAjxxA

n
N⊂∈∈=

 
has the irreducible representation: 

,+

∈
+ = a

Na
HA IR  

where .}10|,{ ]1[][ −≤≤=
−

nkN ni kt σσ
νν  

It easy to see that for any 11 −≤≤ ni and 10 −≤≤ nt  

ntiifinA itt
n ≤++≤++≤=∈= ++ ,}1...0,|||{ 1 αααα N  

and 

∑∑
+==

++−−−=
n

ik
k

i

k
ki ttt eiein

1
)(

1
)(][

)1()1(
σσσ

ν
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.,}10,|||{
11

ntiifinA
n

ts
s

nti

s
s

n >++≤+≤=∈= ∑∑
+=

−+

=

αααα N  

Example. 

Let A={ }3,1{},3,2,1{},3,2,1{ 321 === AAA , thus  .1and1 == ti
 

}. (0,0,3)(0,1,2),(0,2,1),(1,2,0),(1,0,2),(1,1,1),(2,1,0),(2,0,1),),0,0,3{(=A
 

++++
+ ∩∩∩=

4321 aaaa HHHHAR , where ).2,1,2(),1,0,0(),0,1,0(),0,0,1( 4321 −==== aaaa  

It is clearly that .}20,3|||{ 2
3 ≤≤=∈= ααα NA  

Ehrhart Function 

We consider a fixed set of distinct monomials },...,{ 1 rxxF αα=  in a polynomial ring  
]...,,[ 1 nxxKR =  over a field  K. Let  

))log((P Fconv=  
be the convex hull of the set }....,,{)(log 1 rF αα=   

The  normalized Ehrhart ring of   P  is the graded algebra: 

],[)( P1 P TRAA jj
⊂⊕=  

∞

=  

where the thj  component is given by 

,)(
Pjlog(F)Z

∑
 ∩∈

=
α

α j
jP TxKA  

where Z(log(F)) the group generated by log(F) and  j P={ ),...,( 1 njaja | Paa n ∈),...,( 1 }. 

 
The  normalized Ehrhart function of   P   is defined as 

==   jK AjE )(dim)( PP | Z log ( F )  ∩ Pj | . 

From [9. Proposition 7.2.39. and Corollary 7.2.45] we have the following important result. 

Theorem 1. If ][FK  is a standard graded subalgebra of  R  and  h is the Hilbert function of 
][FK , then: 

a)  )()( jEjh P≤ for all ,0≥j and  
b)  )()( jEjh P=  for all 0≥j  if and only if  K[ F ] is normal. 

The Computation of Hilbert Function 

Let 10,2,1,3 221 −≤≤−≤≤≥ ntniin . We consider two transversal polymatroids 
presented by:  

A ]}[\]1[],[\][},{][],[|{ 111 inkifinAnikifnAA kkk −∈=∪∈==  
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and  

B }][\]1[],[\][}{][],[|{ 22)(2)(
2

22 inkifinBandnikifnBB t
kkk tt −∈=∪∈== σ

σσ
 

such that  A , respectively B are the exponent vectors of the monomials  defining the base rings 
associated to transversal polymatroid presented by A ,  respectively B . From [5] we know that 
the base rings K[A], respectively K[B] are Gorenstein rings and the cones generated by the 
exponent vectors of the monomials defining the base ring  associated to the transversal 
polymatroids presented by A ,  respectively B are:  

,
1

+

∈
+ = a

Na
HA IR ,

2

+

∈
+ = a

Na
HB IR  

where  

,}10|,{
]1[][1

1
0 −≤≤=

−
nkN

ni kσσ
νν

 

,}10|,{ ]1[][2
2

2 −≤≤=
−

nkN ni kt σσ
νν

 
n

kkjj nkAjxxA
n

N⊂∈∈= ]}[,|)...{log(
1  

and 

.]}[,|)...{log(
1

n
kkjj nkBjxxB

n
N⊂∈∈=  

It is to see that   

}1...0,|||{ 11 1
+≤++≤=∈= inA i

n αααα N  
and 

ntiifinB itt
n ≤++≤++≤=∈= ++ 22221 ,}1...0,|||{

22
αααα N  

or 

.,}10,|||{ 222
11 2

22

ntiifinB
n

ts
s

nti

s
s

n >++≤+≤=∈= ∑∑
+=

−+

=

αααα N  

From [6] we know that the K – algebra  ][ BAK ∩  is  Gorenstein. Next, we present a necessary 
and sufficient conditions such that ][ BAK ∩  is the base ring associated to some transversal 
polymatroid. 

Theorem 2 ([6]). Let  10,2,1,3 221 −≤≤−≤≤≥ ntniin . We consider two transversal 
polymatroids presented by:  

A ]}[\]1[],[\][},{][],[|{ 111 inkifinAnikifnAA kkk −∈=∪∈==  

and  

B }][\]1[],[\][}{][],[|{ 22)(2)(
2

22 inkifinBandnikifnBB t
kkk tt −∈=∪∈== σ

σσ
 

such that ,A respectively B  is the exponent vectors of the monomials  defining the base rings 
associated to transversal polymatroid presented by A ,  respectively B . Then, the K – algebra  

][ BAK ∩  is the base ring associated to a transversal polymatroid  if and only if  one of the 
following conditions hold: 

a)  .11 =i  
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b)  .02 21 =≥ tandi  

c)  .2 121 itandi =≥  

d)  }2,...,{},...,1{11,2 2212121 −−∪−∈−≤≤≥ ntntiianditi  

e)  }.2,...,{},...,1{11,2 1222211 −+−∪−∈−≤≤+≥ nitntniandntii  

Next in this section we will compute the Hilbert function and the Hilbert series for the                
K – algebra  ][ BAK ∩ , where ,A respectively B  satisfies the hypothesis of Theorem 2. 

Proposition 1. The Hilbert function of the K – algebra  ][ BAK ∩ , where ,A respectively B  
satisfies the hypothesis of Theorem 2 is: 

i) If  21 ii <  and  ,02 =t  then 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
= ∑ ∑

+

=

−+

= krnt
inkrnt

r
iir

k
ik

th
it

k

kit

r

111
)( 212

)1(

0

)1(

0

1
1 2

 

for any .0≥t  

ii) If  212121 1,11,2 tiiiti −≤≤−≤≤≥  or  ,0221 => tandii  then  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
= ∑ ∑

+

=

−+

= krnt
inkrnt

r
iir

k
ik

th
it

k

kit

r

111
)( 121

)1(

0

)1(

0

2
2 1

,
 

for any .0≥t  

iii) If  2,11,2 22121 −≤≤−−≤≤≥ nitniti  or ,2112 niiandit >+=  then  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−++−−
= ∑ ∑

+

−−=

+

−−= r
inr

s
ins

rsnt
niirsnt

th
it

ints

it

intr

111
)( 21

)1(

)1(

)1(

)1(

21
2

1

1

2

 

for any .0≥t  

iv) If  22211 1,11,2 tnintii −≤≤−≤≤+≥  or ,2112 niiandit <+=  then  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
= ∑ ∑

+

=

+

= rknt
iinrknt

r
ir

k
ik

th
it

k

it

r

111
)( 212

)1(

0

)1(

0

1
1 2

 

for any .0≥t  

v) If  ,2,11,2 212211 −≤≤+−−≤≤+≥ niitnntii  then  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
= ∑ ∑

+

=

−+

= rknt
inrknt

r
iir

k
ik

th
it

k

kit

r

111
)( 212

)1(

0

)1(

0

1
1 2

for any .0≥t    
vi) If  ,,,2 21121 niiiti =+=≥  then  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
= ∑ ∑

+

=

+

= r
ir

k
ik

th
it

k

tit

r

11
)( 2

)1(

0

)1(

0

1
1 2
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for any .0≥t  

Proof. From [3] we know that the K – algebra  ][ BAK ∩  is normal. Therefore, to compute the 
Hilbert function of P, where P = )( BAconv ∩  it is equivalently to compute Ehrhart function 
of P. It is clearly enough to show that P is the intersection of the cone )( BA∩+R with the 
hyperplane ....1 nxx n =++  
Now we will start to study all six cases. 

i) If  21 ii <  and  ,02 =t  then 

P ,
1......0

,1...0,],[0|

21

11

21

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++++≤

+≤++≤=∈∀≥∈
=

i

innk

ii

ik

ααα

ααααα nR
 

whence it follows that 

tP .
)1(......0

,)1(...0,],[0|

21

11

21

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++++≤

+≤++≤=∈∀≥∈
=

ti

tintnk

ii

ik

ααα

ααααα nR
 

Since for any  kitranditk −+≤≤+≤≤ )1(0)1(0 21  the equations  ki =++
1

...1 αα has 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
k
ik 11

 nonnegative integer solutions, rii =+++ 21
...1 αα  has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−+
r

iir 112
 nonnegative 

integer solutions  and rknpni −−=+++ αα ...12
 has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
krnt

inkrnt 12
 nonnegative 

integer solutions, we get that   

.
111

tP)()( 212
)1(

0

)1(

0

1
1 2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
=∩== ∑ ∑

+

=

−+

= krnt
inkrnt

r
iir

k
ik

AtEth
it

k

kit

r
P Z

 
 
 

ii) If  212121 1,11,2 tiiiti −≤≤−≤≤≥  or  ,0221 => tandii  then  

P ,
1...0

,1...0,],[0|

21

11

222

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤++≤=∈∀≥∈
=

++ i

innk

itt

ik

αα

ααααα nR
 

whence it follows that 

tP ,
)1(...0

,)1(...0,],[0|

21

11

222

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤++≤=∈∀≥∈
=

++ ti

tintnk

itt

ik

αα

ααααα nR
 

Since for any 

)1(0 2 +≤≤ itk  and kitr −+≤≤ )1(0 1 ,  

the equations kitt =++ ++ 222
...1 αα

  has  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
k
ik 12

 nonnegative integer solutions, 
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riitt =+++++ ++ 1222
...... 11 αααα  has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−+
r

iir 121
 nonnegative integer solutions  and 

rknpni −−=+++ αα ...11
 has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
krnt

inkrnt 11
 nonnegative integer solutions, we get 

that   

.
111

tP)()( 121
)1(

0

)1(

0

2
2 1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
=∩== ∑ ∑

+

=

−+

= krnt
inkrnt

r
iir

k
ik

AtEth
it

k

kit

r
P Z

 
It is easy to see that for  ,0221 => tandii  we have the same formula for Hilbert function. 

iii) If  2,11,2 22121 −≤≤−−≤≤≥ nitniti  or ,2112 niiandit >+=  then 

P ,
1...0

,1......0,],[0|

11

211

1

222

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤+++++≤=∈∀≥∈
= +−+

i

innk

i

ntntik

αα

ααααααα nR
 

whence it follows that 

tP ,
)1(...0

,)1(......0,],[0|

11

211

1

222

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤+++++≤=∈∀≥∈
= +−+

ti

tintnk

i

ntntik

αα

ααααααα nR
 

Since for any  

)1()1( 21 +≤≤−− itsint and )1()1( 12 +≤≤−− itrint  

 the equations sni =+++ αα ...11
has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−+
s

ins 11
 nonnegative integer solutions,  

rtnit =+++−+ 222
...1 αα  has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −−+
r

inr 12
 nonnegative integer solutions  and  

rsntitnti −−=+++++ +−+ 1222
...... 11 αααα  has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−−

−−++−−
rsnt

niirsnt 121
 nonnegative 

integer solutions, we get that 

.
111

tP)()(

21
)1(

)1(

)1(

)1(

21
2

1

1

2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−++−−
=

=∩==

∑ ∑
+

−−=

+

−−= r
inr

s
ins

rsnt
niirsnt

AtEth
it

ints

it

intr

P Z

 

It is easy to see that for niiandit >+= 2112  we have the same formula for Hilbert function. 

iv) If  22211 1,11,2 tnintii −≤≤−≤≤+≥  or ,2112 niiandit <+=  then 

P ,
1...0

,1...0,],[0|

21

11

222

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤++≤=∈∀≥∈
=

++ i

innk

itt

ik

αα

ααααα nR
 

whence it follows that 
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tP .
)1(...0

,)1(...0,],[0|

21

11

222

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤++≤

+≤++≤=∈∀≥∈
=

++ ti

tintnk

itt

ik

αα

ααααα nR
 

Since for any )1(0 1 +≤≤ itk and )1(0 2 +≤≤ itr the equations  ki =++
1

...1 αα has 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
k
ik 11

 nonnegative integer solutions , ritt =++ ++ 222
...1 αα  has ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −+
r
ir 12

 nonnegative 

integer solutions  and rknpnitti −−=+++++ +++ αααα ...... 11 2221
 has  

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−−+−−
krnt

iinkrnt 121
 nonnegative integer solutions, we get that   

.
111

tP)()( 212
)1(

0

)1(

0

1
1 2

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−

−−−+−−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
=∩== ∑ ∑

+

=

+

= rknt
iinrknt

r
ir

k
ik

AtEth
it

k

it

r
P Z  

It is easy to see that for 12 it = and nii <+ 21  we have the same formula for Hilbert function. 

v) If  ,2,11,2 212211 −≤≤+−−≤≤+≥ niitnntii  then 

P= ,
1.........0

,1...0,],[0|

211

11

2221

1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+≤+++++++≤

+≤++≤=∈∀≥∈

+−+ i

innk

ntntii

ik

ααααα

ααααα nR
 

whence it follows that 
 

tP 

  
Since for any  )1(0 1 +≤≤ itk  and kitr −+≤≤ )1(0 2  the equations  ki =++

1
...1 αα has 

 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
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The Computation of Hilbert Series 

Since the a- invariant of   ][ BAK ∩    is  1])[( −=∩ BAKa (see [6]),  it follows that to 
compute the  Hilbert series of  ][ BAK ∩   it is necesary to know the first  n values of the 
Hilbert function of  ][ BAK ∩ .  From  [6]  the  Hilbert series of  ][ BAK ∩  is  
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and  h(s) is the Hilbert function of  ][ BAK ∩ .  
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Funcţia Hilbert a intersecţiei a două inele bază                                          
asociate polimatroizilor transversali 

Rezumat 

Intersecţia a două inele bază asociate unor polimatroizi transversali nu este in general inel bază asociat 
unui polimatroid transversal. În această lucrare, determinăm funcţia Hilbert şi seria Hilbert în cazul în 
care intersecţia a două inele bază este un inel bază asociat unui polimatroid transversal. 


