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Abstract

This paper calculates the components of the tensors of the relative gravitational permittivity and of the
relative gravitational permittivity of the modified vacuum by a complete gravitational wave. The
corresponding tensors of the gravitational permittivity and permeability are non-diagonal and different
during the approximation of a second order of the amplitudes powers. There are analyzed the important
special cases and the mediated values in space and time.
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Introduction

Using the developed methods in the following works [2, 3, 6, 7] there can be calculated the
components of the tensors of the relative gravitational permittivity and permeability of the
modified vacuum by a complete gravitational wave, i.e. a wave which propagates itself along a
certain direction and which has composite components in the corresponding metric tensor.

The [2™ and 3rd] works tackled the problem of ,the interaction” of two gravitational waves in
the approximation of a weak gravitational field. In this approximation, Einstein’s equations of
the gravitational field become Maxwell type equations for gravitoelectric (Ef; , [)ﬁ ) and
gravitomagnetic (I:I s Z}f ). vectors. In the presence of a gravitational wave, the physical
vacuum becomes inhomogeneous and anisotropic. The tensors of the relative gravitational
permittivity and permeability are formulated according to the metric tensor g.; (o, =0,1, 2,3)

and the g tensor corresponding to the gravitational wave.

In the first part, there we calculate the components of the metric tensor for a gravitational wave
which propagates along a certain direction.

In the second part, there we calculate the components of the tensors of the relative gravitational
permittivity and permeability.

In the third part, we analyze the problem of the propagation of a gravitational wave in space-
time, modified by a gravitational wave and the medium values in time and space of the
components of permeability and permittivity tensors.
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The Metric Tensor Corresponding to a Gravitational Wave

In order to evaluate the metric tensor which corresponds to a gravitational wave, in the
approximation of a weak field, one should write Einstein’s equations for formal metrics,

gaﬁ :naﬁ+haﬁ5 (1)
where mn,; is the metric tensor of Minkowski space and 4, are the perturbation of this space
determined by the energy tensor of the gravitational wave.

For the (1st) metrics, the Einstein’s equations [4, 5]:

G" =(8nG/c' )T, 2)

become (A-0})h* ==(16nG/c*)T*, 3)
with 02 =8/t

B =n™ —(1/2m“h si h=h,". (4)

The propagation equations of the free waves (without sources, 7" =0 ) have
(A= )n* =0, (5)
the next form
B =4 exp(ikax“) = A" exp(io) (6)
and phase solutions ¢ = k,x" .
The condition results from the (5) equations with (6) solutions,
ko =, =’k =0’ = (ki +k + k) (7)
and so the gravitational waves propagate in the vacuum with the electromagnetic wave velocity
LV, =C.
Lorentz’ gauge condition hi’=0 ®)
(with 75"= 6"/ dx, ) implies, for solution type (6), another constraint

A%k =0, 9)

The tensor of dimensionless amplitudes A” s symmetric, so from the 10 different components,
the (9) equations allow the definition of 6 independent components. Because the number of the
degrees of freedom of gravitational waves, in general relativity is 2, the next constraints must be
imposed in order to reduce the number of independent components,

A% =0 (10)
and Agu’ =0, (11)

The relations (10) and (11) define the calibration in which the waves are transverse and they
have the transverse-traceless gauge if the Lorentz marker is chosen so that the four-vector speed

should be u' =385, (12)
Introducing the (12) expression of the four-vector speed in the relation (11), it results

A" =0, (13)
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i.e. the wave is purely spatial.
The conditions (13) determine the six amplitudes which are different to zero:
A", A" =A"; i# j; i,j=1,2,3. Choosing A" and A* the two independent amplitudes from
the relation (10), with Ay =0, it results

A% =—(4"+47). (14)
The three equations which result from (9) determine the three amplitudes
A" =A" (i# j; i,j=1,2,3) according to the independent amplitudes (A" and 4*) and the
components of the wave vector k (ke k) k)= k (ki, ks, k)

A =—ﬁ[A”(k2 ~k )+ 4" (K —kf)]. (15)
If the relation (15) is being replaced by the relation (14), it results:
4% = —ﬁ[/ﬂ (K -k)+ 42 (K —kf)] - —ﬁ[A“kﬁ +APK + (4" + A”)kf]. (16)
A =— 2k11k3 [A“ (K -k)+4° (K —kf)] _— 2k11k3 [A“kf —(A"+ A7) K —A”ki] . (17)
A = 2/«12/«3 [Aﬂ(kz ~K )+ 47 (K —kj)] :ﬁ[/ﬂkﬁ ~ A7k (A" + A”)kf] . (18)

In order to determine the corresponding metric tensor (1) to a gravitational wave we should
establish the expression of the components of the tensor 4, according to the components of the

tensor A,;. Therefore we proceed in the following way. From the (4th) expression, in the

approximation of first order when 4™ = —h,y, it results

Py = hag —(1/ 2N (19)
The condition (10) and the expression (6) implies
h=h'"=A4"=0. (20)
The definition (4) and the relation (20) determine that the trace of the tensor 4™ to be zero
h=h,"=0. 2n
Replacing the relation (21) by (19), it results 4, = B . (22)

The metric tensor expression is obtained by replacing the relation (22) by the (1st) one
Qop = Nap + Py (23a)
or go=-1, g,=2,0=0,g,=0,+ f_h, =9, + 4; exp(i(p) . (23b)

because the tensors of the gravitational permittivity and permeability may be expressed
according to the tensor g [3], it is necessary to calculate its components.

According to the standard procedure, the components of the tensor g, have the form:
g"=-1g"=g"=0, (24a)

e [1 + A exp(i(p)][l + A exp(i(p)] — A, exp(i20) , (24b)

(-¢)
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m_ [l + A4; exp (i(p)] A, €Xp (i(p) —A,;A4,; exp (i2(p) (24¢)

(-¢)

with g=det(g.,) = —{[1 + A4, exp(i(p)][l + A»n exp(i(p)][l + Ay exp(icp)} +

241,43 A5 exp(i3(p) - [1 + A4, exp(i(p)] A exp(i2(p) -
[1 + Ay exp(i(p)] Al exp(i2¢) - [1 + Ay exp(i(p)} A exp(iZ(p)} ,

[1 + Ay exp(i(p)] Ajexp(i2¢) - [1 + A exp(i(p)] A exp(i2(p)} ,

j#n#m=1,2,3 and Einstein’s sum rule is not applied.

The Tensors of the Gravitational Permittivity and Permeability

According to the obtained results in the [3™, 6™, 7"] works, the expression of the tensor of the
relative gravitational permittivity is

1/2 i V2
e =—(-g) g"¢"=(-¢) ¢, (25)
Replacing in (25) the expressions of the tensor components g”, given by the relations (24b) and
(24c¢), it results

, = [1 + A, exp(i(p)][l + A exp(i(p)] -4, exp(iZ(p) ’ (262)
J-2
~ [l +A; exp(i(p)] Auexp(i@)— A, A, exp(i29)

Snm - b
J-g

with j#nrn#m=1,2,3 and Einstein’s sum rule is not applied.

(26b)

In the approximation of second order of the tensor components of the amplitudes A, the (26)
components have the expressions:

g, =1— A, exp(ip)+ %[(Af, F A+ )~ (A4 Ay + AL )] exp(i29), (272)

Eam = —[1 + A, exp (i(p)] Auexp (i) + A, Ay exp(i29) (27b)

Using the procedure presented in the [3, 6, 7] works, we obtained, through the expressions of
the vector the gravitomagnetic intensity

H; =(-g)" (ig"g" Bl +i.g"g" Bl +iisg "¢ Bls ) (28)

(with g =det( gaﬁ)) and the tensor relation By, =w,H};, i,j=1,2,3, the expression of the

tensor of the magnetic gravitational permeability, in the approximation of second power
amplitudes of the gravitational wave.

Wi =¢€;= (_g)l/2 gjj > (29a)
L = Enm [1 (Al + 4+ 4, )exp(iZq))] Fem, jEMEN, (29b)

(Einstein’s sum rule is not applied). What results is that the permeability tensor differ from the
permeability tensor through the off-diagonal terms.
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The two tensors
Wy =¢g;=1-4; eXP(i(P) s (30a)
Mnm = Snm = _Anm eXp(i(P) B (3 Ob)

with g = det( gaﬁ) [J —1, are identical just in the approximation of first order of amplitudes.

Effects of Metrics Modification Space-Time

The modification space-time determined by the gravitational wave propagation will influence
the development of the phenomenon and the existence of other physic systems from this space-
time. Next, the influence of the modified metrics over the propagation of another gravitational
wave is studied. This phenomenon is considered to be an interaction between two gravitational
waves, too.

Given a gravitational wave which propagates on the Oy direction characterized by the
gravitoelectromagnetic vectors E(0,0,E!) and H!(H!,0,0). The two components are
functions like y=x" and ¢. The differential equation of propagation of the gravitoelectric
component Ej;can be determined from the Maxwell equations type without sources (written in
the Gaussian units system):

VD! =0, (31a)

VB! =0, (31b)

VxE" :—163;, (3lc)
C

VxH" :la,D;, (31d)
C

with the notation 0, =9/0r .

Applying the rotor operator to the equation (31c), it results the equation
VX(VXE;‘)z—lG,(VXE;‘). (32a)
c
o 1 Dy e
or AE' ==0, (VXBg)-i-V(VEg). (32b)
c
Because the components E;, E;, and the derivative with z= x of the component Ej,
(0sEY; =0OE};/z=0) are zero, it results

VE'=0. (33)
Replacing (33) by (32b), it results

AEY = LY (V x E;‘) (34)
C 3
with A, =8 =8 /8(x'Y, j=1,2,3 and

(V X E? )3 = 61352 - angl = H:l (51M12 — Osl; ) - HuazH;l (35)
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because the components H!,, H!, and the derivative with x=x' of the component H

(6,Hf =0) is zero. In order to obtain the searched equation the component H;, and its

derivative 0,H,; should be eliminated from (35). For this the equation (31d) is used, written per

components:
0.H s — 0;H > = (1/¢)0,D} sau 8, (e E2s ) = 0, (362)
0;HY —0,H}s = (1/¢)0,D} sau 0, (exEss ) =0, (36b)
0,H}, —0,H} = (1/¢) 0,5 sau 0. H} = —(1/c) 0, (e Els ). (36¢)

From the equation (32b), in the particular conditions imposed therein before ( Hy, =0, H}; =0,
angl = 0, 83 ;1 = 0 ), lt resultS

u Mo u
h=- 0.H}, . 37
1 (61]»111 +62]-112 +83H13) B ( )
Replacing the relation (36) by (37) and next the result by (35), it results

1 (alulz _62“11)
(aun + 62“12 + 831113

(VxB) =

soc

) M2 + H11:|az (833E§3) . (38)

Replacing the relation (38) by the equation (34), the searched equation is obtained:

1 Oilbiz — Os i, .
AE", =—0, +uwn |0 enEes ) p =
3Lg3 Cz {|: &uu +62].112 +a3u13 Har + Ui ( 33 g3)

(39a)

%6, |:(M21M + Ui )ar (833E;3)i|

In order to emphasize the interaction phenomenon between two waves the equation (34) is
turned under the next form

(},l“ +M},l21)833 E” _ 2é33(}l11 +MH21)+833(L111 +H21M +l:l21M) “
2 g3 = 2 g3

¢ ‘ . . (39b)
€3 (Hn +MH21)+é33 (lv.ln +unM + }:lle)

n
A3 g3 =

2 g3»
C

where are noted 6,C =C and 8.C = C.

The equation under the form (39b) points out to the propagation speed of the gravitoelectric
component on the Oy direction and the corresponding refractive index:

C
Vorr =
- \/(Hn +MH21)833

Ngpo :\/(Mn +MM21)833 :\/833M11(1+M}«l21/l«l11) :\/333H11\/1+Ml~l21 /Hll 5 (41)

the expression of the gravitational conductivity:

) (40)

Cg = (%)[2?'333 (lvlll +Mu,, ) + &3 (l:ln + H21M + L.l21M )} 0 (%j(zunéw + L.l11833) (42)
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and the expression of the minimum frequency ®, analogous to the cut-off frequency in a wave
guide:

Wor = (l/c )\/ézs(un +MH21)+é33(L'l11 +H21M+H21M) [ (l/c)\lu11é33 +1111é33 . (43)

Through the same procedure we obtain the differential equation of the gravitomagnetic
component propagation Hy}, :

(833 +N823)]J,11 S 2“11 (833 + N823)+ Hi (ész +823N+é23N) .,

AI ;?1 - 2 gl = > gl =
¢ < - . (44
l.ill (833 + N823)+ l:lll (833 +exN+ 823N)
2 gls
C

Wlth N = (83823 _82833 )/(81813 + 82823 + a3833) .

From the equation (44) we get the expression of the propagation speed of the gravitomagnetic
component on the Oy direction and the refractive index:

Vs = < : (45)
\/(833 +N823)H11
gy = \/(833 + NSB)HH = \/833}«111 (1+ Ney /833) = \/833lvl11 \/1+ Ney /ey ; (46)

the expression of the gravitational conduction:
Gy = (1/C2)|:2Fl11 (833 + N823 ) + M (é33 + 823N+ 821N)i| 0 (1/6'2)(2}:[11833 + u11é33) (47)

And the expression of the minimum frequency ®, same with the cut-off frequency in a wave
guide

Wopr = (1/6)\/1111 (833 +N823)+l:l11 (é33 +823N+é23N) 0 (1/6‘)\“111833 +l:l11é33 . (48)

Comparing the parameters set corresponding to the two gravitational quantities ( El;, HY}), it

results that they are different through the M and N terms which contain derivates with the
coordinates of the tensors components of the permittivity and permeability. Only when those
terms are neglected the two sets are identical and equal with those obtained in the special case
studied in the [2nd, 3rd] works. The expression of the refractive index, in the approximation of
first order, is for the wave which propagates through the Oy direction, identical with the

expression obtained in the [1st] work for a state metrics, if /o =4, =0.

If a physic system is placed in the space-time metrics (23) and has the dimensions
d,d,,dy >>N=2n/k, k=\/kf+kf,+kf and in this system a phenomenon with the time
At >>27nt/® takes place, the system and the phenomenon will be influenced by a mediate
metrics (< g.; > ) in space and time (mediate in the phase ¢ = wt —kF ):

8o ==L, g,=80=0,g;=9, +<i_z,,> =8 + 4, <exp(i(p)>=8,-, ) (49)

which is identical with the Minkowski metrics and so the presence of the gravitational wave
shouldn’t influence the system and the phenomena. If it is considered that the presence of a
wave modifies the propagation speeds of the interactions, it results that the intermediation has to

be realized for the tensor components g and for the permittivity and permeability:
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<8//> = <“/i> =1-4; <6Xp(i(p >+(1/2)[(Af,~ + 45+ Afm)—(Afn + A Ay +

. (502)
43) |(exp(i20)) =1+ (1/4) (45 + 45 + A1) = (i + A, + 40 ) [0
<8nm> = —[Anm <exp(i(p)> + A, A <exp(i2(p)>} + A, A <exp(i2(p)> = (50b)
(1/2)( A A — 4, 4) % 0. ’
<u> = <8,,m>+ <s (A2 + A,2 + A, )exp(iZ(p)> # <8> 0, j=m#n, (50¢)

Because these mediums are not zero, it results that the other quantities which depend on those
like refractive index or conductibility, are not zero.

Conclusions

Using the general form of the gravitational wave, it has been set off that the tensors of the
gravitational permittivity and permeability are off-diagonal and different in the approximation
of second order of power amplitudes. This difference has as effect the fact that gravitoelectric

vectors E}; and the gravitomagnetic vectors H},, of another wave which propagates through
the Oy direction, have different speeds of propagation. As this vector has the same speed, it

results that the assessment of the equality of the two speeds represents additional conditions
which connect the quantities which characterize a gravitational wave. The further implications
of these constraints will be discussed in a future paper.
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Proprietatile Vacuumului Modificat de o Unda Gravitationala

Rezumat

aproximatia de ordinul al doilea al puterilor amplitudinilor. Se analizeazd cazurile particulare
semnificative si valorile mediate in spatiu §i timp.



