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Abstract

This paper corrects the solutions given to the interaction problem of two gravitational waves in the
approximation of a low gravity field. Also there are realized other interpretations about the terms from
the differential equation of a gravitational wave which propagates within the modified vacuum in the
presence of other wave. So a rest mass of the graviton is set off-.
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Introduction

The interaction problem of two gravitational waves in the approximation of weak field gravity is
presented in work [2]. The interaction of the two waves is studied by an indirect phenomenon,
intermediate by the modification of the space-time metrics, by the presence of a gravitational
wave.

The non-Cartesian (non-Euclidian) character of space-time in the presence of a gravitational
wave determines the non-linearity of the propagation differential equations of a gravitational
wave which propagates in that space. Einstein’s equations written in the approximation of a
weak field under the form of Maxwell’ equations set off the gravitational permittivity and
permeability tensors of the modified vacuum (heterogeneously and non isotropic). From the
non-linear equation of a wave propagation in the modified vacuum by the presence o a first
wave we obtain: a) the correct expression of a gravitational wave speed and of the gravity
refractive index compatible with the results previously obtained [7]; b) the expression of the
gravitational conductibility is set off; ¢) thus we demonstrate the term’s coefficient proportional
to the gravitoelectric field intensity of the wave, E}; as being a cut - off frequency (the space

zone with a modified vacuum acts like a wave guide) or like the inertia (mechanical inertia) of
the quanta attached to the wave. A relation of dispersion w(k) for gravitational waves

corresponds to this frequency.
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The Inference of the Expression of Permittivity and Permeability
Tensors

In order to infer the tensor of the gravitational permittivity and the tensor of the gravitational
permeability the paper proposes the methods of the works [2, 6 and 7].

Giving the correspondent metrics of a monochromatic without mixed terms of plane
gravitational wave, which propagates along a Ox direction,

ds® =dx’ +[ 1- dsin(of —kx) |dy* +[ 1+ Asin (ot —kx) |d2* —cidrt 0

with 4 dimensionless amplitude of the wave and o its frequency.

These co-variant components g.s; a,p=0,1,2,3 and the contra-variant g“B of the associate
metric tensor correspond to this metrics:

gow=-1, gn=1, gn=1-Asin(ot—kx), g, =1+ Asin(wr —kx), (2a)

-1

gzz:[1_Asin((1)t—k>c)I1 g" =[1+Asin(wt—kx)] (2b)

g'=-1,g"=1,

Accordingly, the methods described through the works [2, 6, 7], Einstein’s equations are written
in the linear approximation under the form of Maxwell’s equation for a weak field gravity. In
the presence of a gravity field generated by a metric gravitational wave (1) the gravitoelectric

induction vector D}, is:

1

D; = (_det 2o )E (ﬁlgul + ﬁzguz + ﬁ3ga3 )gBO guaﬁ (3)
where u, ,i=1,2,3 are the units of coordinate system of a three-dimensional space and F},; are
the components of a gravitoelectromagnetic field tensor.

The intensity vector of the gravitoelectric field E" has the expression:
E; = E;ﬂjll + E;zﬁz + E;ﬂjlg, = ng()ﬂjll + Fg“()zilz + Fgu()ﬂ/?} . (4)

The tensorial relation of the two vectors is (we use the Gaussian unit system in which the
permittivity and the permeability correspond to the relative permittivity and permeability of the
SI system [4]):

D;l=8,jE;j,i,j=1,2,3. (5)

From the (3) (4) and (5) relations, it results

1 ..
sl-j:(—detgaﬁ)Eg”, g, =€;=0,i#J,, (6a)

or

1

& =[1—A2 sinz(oat—kx)]z, (6b)

1+Asin(o)t—kx) 2
€,y =
” 1- Asin(wr - kx)

) (6¢)
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{1 - Asin(wt —kx)}z
€33 = ), (6d)

1+ Asin((ot - kx)
if the metric tensor is diagonal.

According to the results from [6, 7] the intensity of the gravitoelectric field, H!,is given by the

relation

I:[; = (—g)% (ﬁ1g33822 i g g FN i g g F ) , (72)
with g = det(ga,}) .
Because ngsz = ; 1, gu]3 = ; 2 and ngn = B; 3 are the components of the gravitomagnetic

intensity vector, By , the relation (7a) can be also written under the form of:

i = (~g): (ig” g Bl +iing" ¢ * Bl +iiig "Bl (70)
or
1 _ 1
g”l=(—g)7(g33gzz)1 glz[l—Azsinz(a)t—kx)]z el - (8a)
_ 1
1 - 1+ 4sin (ot — kx) |*
wo_(_ S o1 3\ g _ n
= (g) (g & ) . _l—Asin(o;)t—kx)} “ (8)
W NSy __l—Asin((;)t—kx) : .
gs_( g) (g & ) g3__1+Asin((ot—kx)} o (8c)
Relations (8) are matricially written under the form of:
B;i :“i/'H;ia i,j=1, 2=3a (9)
with W =W =0, li] and
1
Ly :[I—A2 sinz(mt—kx)}z, (10a)
B 1+Asin(o)t—kx) 2
Ha = 1- Asin(of —kx) | .
1
| 1-Asin(of —kx) ?
Ho = 1+ Asin(of — kx) (100)

The expression (4, 5, 6) and (8, 9, 10) indicate that an anisotropic modified vacuum
characterized by the gravitational permittivity tensor (6) and by the gravitational permeability
tensor (10) correspond to the anisotropic metrics (1) associated to a gravitational wave along the
Ox direction. These tensors respect the condition expressed by the Wilson - Dicke theory [3, §]

of the gravitational interaction, €; = W; .



62 Zoltan Borsos, lon Simaciu

The Wave Propagation Equation in the Modified Vacuum

In order to emphasize the ,,interaction” of two gravitational waves, the propagation equation of
a gravitational wave is deduced using Maxwell’s equations for the gravitoelectromagnetic field

(in the Gaussian system) without sources T*" =0, T, =0:

VD! =0, (11)
VB! =0, (12)
- |
VxE, =——0,B,, (13)
C
agy 1 a
VxH!==0,D!, (14)
C

with the formula 0, = 0/0% .

Using the common procedure of inferring the differential equation of Maxwell’s equations
waves, the rotor operator (V ><) at the equation left (13) is applied. It results the differential

equation of propagation of the gravitoelectric intensity vector E* :

VX(VXE;)I—%&(VXB;) (15a)
or
AE;-V(VE;):%&(VXE;). (15b)

The gradient of the divergence of the gravitoelectric intensity vector E' can be also written
V(VE:)=a,(0.0,E}) (16)
and according to relations (8) the j component of the gravitomagnetic intensity vector is

(VxBY) =ewd (wntls), (17)

j
with €, the Levi-Civita symbols.

Replacing the relations (16) and (17) in (15b), it results:
L 1
AE" =ii, [a[ (0,E2)+2u—0.0: (wnH}, )} , (18)
c

with the notation Ox = 5/ ox; .

When matrix (6) and (10) are diagonals, from the (11th) equation, it results:
0B =—¢," (E!,0,). (19)

Replacing the relation (19) in the equation (18), it results
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AEY = —ii, [ai (&7 (EL02, ))} i, %[s,-z@ (wi0aHL )+

&0, (W05 HY )+ €00, (UnB H s ) + €150, (1003 HYy ) + o)
&0, (L@ H s ) + 80, (MO H s ) +
& 200 + & H L5015 |

The components H;, are obtained from the E}, components, using the equations (14) and (12)
written under the form of:

amH;,, —8,1H§m =%[Slnmat(811E51)+82nm8t(SZZE;2)+83nmat (833E§3 ):| R 21)

H;la,]in = _(“«]IalH;l + szazng + “33631—[:3) . (22)

If the wave which propagates in the modified vacuum is along the Oy direction, the
components of the gravitomagnetic intensity vector are:

;1¢0, H;ZZO, H;3:O (23)
Taking count of (23) in the equation (20), it results

. - . 1
AE; =—u,-[6i(8i,- (E;z,a,.s,.p))}+ujZ[sm@,(},L1162H§1)+8,-318,(uHagH;l)}, (24)

From the relations (21) on the conditions (23), it results:

1
0.Hy, =——a,(833E;3), (25a)
C
n 1 "
0:H, =——0, (822Eg2) . (25b)
C

Replacing expressions (25) in equation (24), it results:

&n en

) o 1 . . . :
U, {( . jazEL +_2[H11822E§2 +(H11322 +2“11822)E;2 +
€2 ¢

(26)

(ulléZZ + ulléZZ)E;ZJ} +L_i3 {(_81811 j83E;1 +

€33

%[M11833E;3 + (L.l11833 + Zuné}s )E;3 + (L'luén + lflué% )Egs:l}

The conditions, for the gravitoelectric vector components of a plane transverse wave which
propagates along the Oy, are:

E;3 #* O, E;l = 0, Egz = . (27)

Given these conditions, the equation (26) becomes:
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- €3 1 1. . . | P .
AE; - M11233 ;3 :_2(H11833 +2H11833)E§3 +—2(M11833 +H11833)E;3 (28a)
C C C

or, in the first approximation order after the amplitude powers A4,

.. 1 [ 2wAcos(wt —kx) | .
gy 1| Zodeos(or ko) |,

AEH
¢ ¢ _1+Asin(mt—kx)_

- 28b
o’ Asin (ot —kx) (28)

1
c_2_1+Asin(o)t—kx)_

g3

Comparing the propagation equation of a wave in a heterogeneously and anisotropic medium,
the coefficients of the time derivates of the gravitoelectric intensity represent:

1. The expression of the propagation speed of the gravitoelectric intensity and so of the gravity
wave:

c
Ly, =0 =—— (29)

(H11833 )E
and the refractive index of the wave along the Oy direction:
i 1
n, =nmn, :(Hllgss)z :I:I—ASIH(O)Z‘—]OC)}Z , (30)

according to the results [3, 7, 8]. When the wave is transverse, the index along a direction
depends on the permittivity and permeability along perpendicular directions. The result is
compatible with the gravitational refractive index formula obtained in the work [1] for the case
when the component 7, =4, =0;

2. The expression of the gravitational conductivity:
1 20Acos(of - kx)
¢’ 1+ Asin(wf —kx) |

1. o
O =~ (fuiess + 2 ) s = - (1)
C

3. The expression of the minimum frequency ®, analogue to the cut - off frequency in wave
guide:

1. . N
®) =—(€ss + Ui €33 )2 =— 32
’ cz(u” u T H 33) c 1+Asin(oat—kx (32)

| @{ Asin(of - k) )T

and of a relation of gravitational waves dispersion which propagates in the modified vacuum:

1

(k) = (w5 + k)2 (33)
This relation of dispersion corresponds to a phase velocity:
k o )
® [1+Asin(cot—kx)}2

and a group velocity:
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1
oo(k) o )’ . !
U,y =V, = =c|1l+—| =c|l+Asin(wt—kx)|>. 35
g) g2 ok ( (Dz [ ( )] ( )
The refractive index corresponding to a group velocity is:
1 . =
n,, = 1 ;[I—Asm(wt—kx)]z_ (36)

[1 + Asin((ot - kx)]g

In the quantum theory, to the ®, angular frequency corresponds its own inertia of the quanta of
gravitational field which propagate in the modified vacuum, i.e. of the graviton,

ho,
my = 3
C

In the classical interpretation, for the gravitational wave, the modified vacuum acts as a
dispersive medium or as a wave guide with a ®, cut - off frequency which affects the transport

velocity of an energy propagated by the wave. It is interesting that an analogue phenomenon has
been set off, and for the electromagnetic waves which propagate in the modified vacuum, in the
work [7]. These results are compatible with the relative phenomenon too according to which a
system of two photons, which propagates on different directions, which have their own mass
different from zero, about the system connected at the mass centre, even though the two photons
have no own mass [5].

Conclusions

The analysis realized through this paper about the problem of the interaction between two
gravitational waves corrects the results of the work [2] and it confirms the obtained results at the
works [6, ]. We intend to develop these results in the next papers for a) a gravitational wave to
which corresponds a metrics with mixed terms, b) a wave which propagates in a certain
direction; ¢) in order to analyzed the reciprocal effect of the two waves which interacts (and the
second wave produces the vacuum modification in which the first wave) given the dependencies
of coordinates and time the immediate effect has to be calculated in space and time over the
wave propagation in the modified vacuum; e) to find out the properties of the modified vacuum
by a coherent and incoherent waves background (stochastic background) and f) to study the
effect for the electromagnetic waves.
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Corectii la Problema Interactiunii Undelor Gravitationale

Rezumat

Lucrarea corecteaza solutiile date la problema interactiunii a doud unde gravitationale in aproximatia
campului gravitational slab. De asemenea se fac noi interpretari asupra termenilor din ecuatia
diferentiald a undei gravitationale care se propaga in vacuumul modificat de prezenta unei alte unde. In
acest fel se pune in evidentd o masd de repaus a gravitonului.
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